We revisit van Dalen and Wattel's characterization of linearly ordered topological spaces in terms of nests of open sets and use this to give a topological characterization of ordinals. In particular we characterize 1 .
Nests and ordered spaces
If < is a linear on a space then the order topology on is the topology generated by the collection of <-intervals. If is given the order topology, then the resulting space is called a linearly ordered topological space, or LOTS. A subspace of a LOTS is known as a generalized order, or GO, space (equivalently has a topology finer than the order topology and each point has a local base of order convex sets).
LOTS, GO spaces and ordinals with their order topology are naturally occurring topological objects and are canonical building blocks for topological examples.
The problem of characterizing arbitrary LOTS and GO spaces topologically was solved by van Dalen and Wattel [12] . Previously a number of characterization of particular LOTS had been given (there are, for example, characterizations of ℚ, [0, 1], ℝ−ℚ, compact LOTS). For a survey of such characterizations see [9] . For a general survey of LOTS and GO spaces see for example [7] .
In this paper we look again at van Dalen and Wattel's characterization from a more order-theoretic point of view. Motivated in particular by Reed's 'misnomed intersection topology' (see [10] and also [13] , [4] and [6] ), we ask whether it it possible to characterize ordinal spaces in purely topological terms. There are other essentially internal characterizations of certain ordinals and subspaces of ordinals due to Baker [1] , van Douwen [14] , Purisch [8] , for example. However, these tend not to be as general or so simply stated as our own. There are also external characterizations in terms of selections, see for example [5] , [3] , [2] .
Definition 1 Let be a set and ℒ ⊆ ( ). ℒ is said to be 0 -separating if and only if for each ∕ = in
there is some ∈ ℒ such that either ∈ ∕ ∋ or ∈ ∕ ∋ . ℒ is said to be 1 -separating if and only if for each ∕ = in there are and in ℒ such that ∈ ∕ ∋ and ∈ ∕ ∋ .
Definition 2 Let be a set and let ℒ ⊆ ( ). The order ⊲ ℒ is defined by declaring ⊲ ℒ if and only if ∈ ∕ ∋ , for some ∈ ℒ.

Definition 3 Let be a set and let ℒ ⊆ ( ). ℒ is said to be a nest if and only if ℒ is linearly ordered by inclusion.
There is obviously a close link between nests and linear orders.
Theorem 4 Let be a set and ℒ ⊆ ( ).
( For (2), suppose first that ℒ is a nest. If ∕ = and both ⊲ ℒ and ⊲ ℒ , then there are and in ℒ such that ∈ ∕ ∋ and ∈ ∕ ∋ , so that is not a subset of and is not a subset of , contradicting the fact that ℒ is a nest. Conversely, suppose that and are elements of ℒ. If is not a subset of and is not a subset of , then are ∈ − and ∈ − , so that both ⊲ ℒ and ⊲ ℒ .
For (3), if ℒ is 0 -separating and ∕ = , then there is ∈ ℒ such that either ∈ ∕ ∋ , so that ⊲ ℒ , or ∈ ∕ ∋ , so that ⊲ ℒ . Conversely, if ∕ = , then without loss of generality ⊲ ℒ , so that there is ∈ ℒ such that ∈ ∕ ∋ . PROOF. Suppose that ℒ ∪ ℛ is 1 -separating. If ∕ = , then there are and in ℒ ∪ ℛ such that ∈ ∕ ∋ and ∈ ∕ ∋ . Without loss of generality ∈ ℒ and, since ℒ is a nest, / ∈ ℒ so ∈ ℛ. Hence ⊲ ℒ and ⊲ ℛ . Since and were arbitrary, it follows that ℒ and ℛ are 0 -separating and that ⊲ ℒ = ⊳ ℛ .
Conversely, suppose that ℒ and ℛ are two 0 -separating nests such that ⊲ ℒ = ⊳ ℛ . If ∕ = , then there is ∈ ℒ such that, without loss of generality, ∈ ∕ ∋ . Hence ⊲ ℒ so that ⊲ ℛ , which implies that there is some ∈ ℛ such that ∈ ∕ ∋ . Hence ℒ ∪ ℛ is 1 -separating. □ Let ℒ and ℛ be two nests whose union is 1 -separating. Topologically speaking, if the elements of ℒ and ℛ are open sets, it is relatively simple to show that the order-topology generated by ⊲ ℒ is coarser than the topology on . As we shall see in Theorem 10, the following notion of interlocking, due to van Dalen and Wattel [12] , is the key idea in ensuring that the topology induced by the order ⊲ ℒ coincides with the topology generated by the subbase ℒ ∪ ℛ.
Definition 6 Let be a set and ℒ ⊆ ( ). We say that ℒ is interlocking if and only if, for each
The next two propositions clarify the relationship between an interlocking nest and the properties of its induced order.
Lemma 7
Let be a set and ℒ be a 0 -separating nest on . 
follows. The proof of (2) 
Then ℒ < and ℛ < are 0 separating, interlocking nests such that ℒ ∪ ℛ is 1 -separating and
ℛ forms a subbase of order open sets for the order topology on .
PROOF. Clearly ℒ and ℛ are 0 -separating nests whose union is 1 -separating. By Theorem 5, ⊲ ℒ = ⊳ ℛ . If < , then = (−∞, ) ∈ ℒ and ∈ ∕ ∋ , so that ⊲ ℒ . On the other hand if ⊲ ℒ , then for some ∈ , ∈ (−∞, ) ∕ ∋ , so that < and < , which implies that < . It remains to show that ℒ and ℛ are interlocking. Suppose that = (−∞, ) ∈ ℒ has a <-maximal element . Then < and if < ≤ , = , so that is the <-minimal element of − . By Theorem 8, then, ℒ is interlocking. That ℛ is interlocking follows by the same argument. By definition of the order topology induced by < on , ℒ ∪ ℛ forms a subbase of order open sets. □
We are now in a position to give a slightly different, more direct, proof of van Dalen and Wattel's characterization of GO and LOTS. ∈ ℛ}, we obtain two nest of sets open in whose union is forms a 1 -separating subbase for the topology on . For the converse, suppose that the space has two nests ℒ and ℛ whose union forms a 1 -separating subbase for . We will construct a LOTS such that is a subspace of . Let ℒ * be the set of all in ℒ such that has a ⊲ ℒ -maximal element but As van Dalen and Wattel point out [12] , if is a compact space and the two nests ℒ and ℛ form a 1 -separating subbase for , then both ℒ and ℛ are interlocking, corresponding to the fact that a compact GO space is LOTS. In fact more is true. Suppose now that ℛ is not interlocking, so that for some ∈ ℛ, has a ⊲ ℒ -minimal element but = ∩ { ∈ ℛ : ⊊ }. If is not a singleton (and thus the least element of ℛ), then there is some ∈ such that ⊲ ℒ . Let ∈ ℒ be such that ∈ ∕ ∋ and let be a compact set such that ⊆ . Then as for (1), { } ∪ { ∈ ℒ : ∩ = ∅} is a cover of by sets open in that has no finite subcover. □
The next corollary now follows easily from Theorems 10 and 11. In fact it is not much harder to argue locally to see that a locally compact GO space is a LOTS. 
Nests and well-orders
In this section we turn our attention to ordinal spaces.
Recall that a topological space is said to be scattered if and only if every subset ⊆ has an isolated point. is said to be right-separated if and only if there is a well-order on for which initial segments are open [11] .
Definition 14 A collection ℒ ⊆ ( ) scatters if and only if for every non-empty subset of , there is some
The following lemma is obvious.
Lemma 15
Let be a space. The following are equivalent.
(1) is scattered, (2) is right separated. PROOF. For (1), given ∕ = , there is ∈ ℒ such that ∩ { , } is a singleton.
For (2), pick ∈ ℒ. Since ℒ scatters , there is some
To see that (3) 
(1) ℛ is interlocking if and only if, for all
: , ∈ ℒ} is a base for . (5) is scattered by a nest of compact clopen sets.
PROOF. The equivalence of (1), (2) and (3) follows immediately from Theorems 16 and 10 and Lemma 18.
(1) implies both (4) and (5) and we see that (4) implies (2) . To see that (5) implies (1) PROOF. (1) and (2) follow easily from Proposition 22. For (3), note first that the order topology induced by < is coarser than the topology on . But then if the topology of is strictly finer than the order topology on , there is some order limit point that is not a limit point in , which contradicts the condition of the theorem.
The space 1 +1+ * , where * denotes with the reverse order, is a compact scattered LOTS that is not scattered by a nest of clopen sets. Purisch [8] has shown that every scattered GO space is LOTS, hence the isolated points of 1 is a locally compact LOTS and has an subbase consisting of two interlocking nest whose union is 1 -separating. It also has a nest of clopen countable sets that scatter , but is not scattered by a nest of compact clopen sets. . Note that 0 = ∩ { ∈ : 0 ⊊ } but 0 ∕ = ∪ { ∈ : ⊊ 0 }, so that ℒ is not interlocking. It follows that two nests whose union is 1 -separating for the conclusion of Theorem 11 to hold. Ψ * is both right-and left-separated, but not by the same order.
∈ , ∈ 1 a limit } . Let < be the usual order on 1 and define a linear order ⊲ on by declaring: ⊲ iff < ; ⊲ ( , ) iff ≤ ; ( , ) ⊲ iff < ; and ( , ) ⊲ ( , ) iff < or = and < . Then with the order topology generated by ⊲, is a scattered, locally countable, locally compact scattered LOTS, which has a nest of compact clopen countable sets that 0 -separates , but is not homeomorphic to an ordinal space.
